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Introduction
Let g be a finite dimensional simple Lie algebra over C, of rank p and let h be a
Cartan subalgebra of g. We denote by ∆ the roots system of the couple (g, h) and
by Π = {α1, · · · , αp} the simple roots of ∆.
Let A be a generalized Cartan matrix of affine type of order p+ 1 associated to
finite dimensional simple Lie algebra g.
Let S(A) (resp. S(tA)) be the Dynkin diagram associated to A (resp. tA) and
B = {α0, · · · , αp} (resp. B
∨ = {α∨0 , · · · , α
∨
p }) be the set of the vertex of diagram
S(A) (resp. S(tA)) called roots basis (resp. coroots basis). Let a0, a1, · · · , ap be the
numerical labels of S(A) and a∨0 , · · · , a
∨
p be the numerical labels of S(
tA).
We denote by L := C[t, t−1] the algebra of Laurent polynomials in t. Recall that
the residue of a Laurent polynomial P =
∑
i∈Z
cit
i (where all but a finite number of ci
are 0) is defined by ResP = c−1.
Consider the infinite dimensional Lie algebra, called the Loop algebra
L(g) := L ⊗ g
We denote by [., .] the bracket on g. The bracket on L(g) is defined as follows, for
all (x, y) ∈ g× g : [tn ⊗ x, tm ⊗ y]L = t
n+m ⊗ [x, y].
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Fix a nondegenerate invariant symmetric bilinear C-valued form (./.) on g. We
extend this form by linearity to an L-valued bilinear form (./.)L on L(g) which is
defined by
(P ⊗ x/Q⊗ y)L = PQ(x/y)
Now, we define a C-valued 2-cocycle on the Lie algebra L(g) by
ψ(a, b) = Res(
da
dt
, b)t for all (a, b) ∈ L(g)× L(g)
We denote by L˜(g) the extension of the Lie algebra L(g) by 1-dimensional center,
associated to the cocycle ψ. Namely, L˜(g) = L(g) ⊕ CK where K =
i=p∑
i=0
a∨i α
∨
i is a
generator of the 1-dimensional center.
Finally, the affine Kac-Moody algebra associated to matrix A is
g(A) := L(g)⊕ CK⊕ Cd
where d is the derivation defined by : d = t d
dt
on L(g), d(K) = 0. For more details
of this construction see [8, chap. 7].
The aim of this paper is to construct a certain class of standard subalgebras of
affine Kac-Moody algebras g(A). This uses standard subalgebras of the complex
simple Lie algebra g.
Let τ be a subalgebra of g. If the normalizer of τ is a parabolic subalgebra of g
then τ is called standard subalgebra of g. Several papers were devoted to the study
of standard subalgebras for finite dimensional case, see [6], [9], [13],[10], [11].
These subalgebras were characterized in [9] and [13] using a noncomparable roots
with respect to the partial order relation ” 6 ” defined on the dual vector space h∗
by ω1 6 ω2 if ω2 − ω1 is linear combination of simple roots of Π with non-negative
coefficients.
Let R be a set of positive roots two by two noncomparable. Consider the set
R1 = {β ∈ ∆+ : ω 6 β for certain ω ∈ R}. Then the subalgebra m =
∑
β∈R1
gβ is
nilpotent standard subalgebra of g.
Setting ρ(m) be the normalizer of m. Let r be an ideal of the Levi reductive
subalgebra h+
∑
α∈Ω1
gα, lying in the Levi reductive subalgebra associated to parabolic
subalgebra ρ(m) where Ω1 is the set of roots which are linear combination of Π\(Π∩
R).
Any standard subalgebra τ of g has the form
τ = m+ r
and the normalizer ρ(τ) = ρ(m).
In this paper, theorem 1.1 states that there exists standard subalgebra τ of g(A)
associated to a given standard subalgebra τ of finite dimensional simple Lie algebra
g and a certain vector subspace Vτ = [τ, g] of g associated to τ . The standard
subalgebra τ has the form
τ = tn ⊗ τ + tn+1 ⊗ Vτ + t
n+2
C[t]⊗ g + CK for n ∈ N∗
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The subspace Vτ is called ”appui” subspace of g.
The standard subalgebra τ is determined by the finite dimensional standard
subalgebra τ and the appui subspace Vτ . Explicit formulas of Vτ are established for
different cases of τ .
In the case where τ is nilpotent standard subalgebra. Then, τ is associated to
subset R ⊂ ∆+ of positive roots two by two noncomparable. The theorem 2.1 states
that the appui subspace Vτ has the following form :
Vτ =
∑
α∈∆+\<R3>+
gα +
∑
α∈R1∪R2
C[eα, e−α] +
∑
α∈R2
g−α
where R1, R2 and R3 are defined by the relation 1, 3 and 4.
In the second case where τ is standard subalgebra of nilpotent radical. Then,
τ = m+ r0 where m is nilpotent part of τ and r0 is semisimple part of τ . Therefor,
r0 is constructed from a certain common connected subsystem ψ of Π\(Π∩R) and
Π\( ∪
ω∈R
Sω) where Sω = {γ ∈ Π : ω = γ or ω − γ ∈ ∆}. One may write r0 =∑
α∈〈Ψ〉
gα +
∑
α∈〈Ψ〉
C[eα, e−α] where 〈ψ〉 is the set of roots which are linear combination
of elements of ψ. We prove in theorem 2.2 that the appui subspace Vτ has the
following form :
Vτ = Vm if P
−
Ψ = ∅
Vτ = g if P
−
Ψ 6= ∅
where P−Ψ =
∑
α∈〈Ψ〉
∑
β∈∆+\R2
[gα, g−β] and Vm is the appui subspace associated to
m.
1 Standard subalgebras of affine Kac-Moody al-
gebra
Let g be a simple Lie algebra of rank p. Let A be its extended Cartan matrix of
affine type and g(A) be the affine Kac-Moody algebra associated to A. We consider
the element δ defined by
δ =
i=p∑
i=0
aiαi
Let ∆aff = ∆re∪∆im be a roots system of the couple (g(A), h+CK+Cd) where
∆re = {α+jδ : α ∈ ∆ and j ∈ Z} is the set of real roots and ∆im = {jδ : j ∈ Z}
is the set of imaginary roots.
We denote by [., .] the bracket on g. The bracket [., .]aff on g(A) is defined as
follows : for all (x, y) ∈ g× g , (λ, µ, λ1, µ1) ∈ C
4 , (n,m) ∈ Z2 :
[tn⊗x+λK+µd, tm⊗y+λ1K+µ1d]aff = t
n+m⊗[x, y]+µmtm⊗y−µ1nt
n⊗x+nδn,−m(x|y)K
In the particular case where m and n are two natural numbers, we have :
[tn ⊗ x+ λK+ µd, tm ⊗ y + λ1K+ µ1d]aff = t
n+m ⊗ [x, y] + µmtm ⊗ y − µ1nt
n ⊗ x
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Definition 1 We introduce the following definitions :
1. A subalgebra of g(A) is called parabolic if it contains a Borel subalgebra of
g(A).
2. A subalgebra of g(A) is called standard if its normalizer is a parabolic subal-
gebra of g(A).
Let τ be a standard subalgebra of g of normalizer ρ(τ) and let Vτ = [τ, g] be the
associated subspace.
Proposition 1.1 The appui subspace Vτ satisfies the following relation : [Vτ , ρ(τ)] ⊂
Vτ .
Proof : Using the Jacobi identity, we have [Vτ , ρ(τ)] = [[τ, g], ρ(τ)] = [τ, [g, ρ(τ)]]+
[[τ, ρ(τ)], g] ⊂ [τ, g] + [τ, g] ⊂ [τ, g] = Vτ .
The following main theorem gives a sufficient condition for the existence of a
class of standard subalgebras of g(A).
Theorem 1.1 Let τ be a standard subalgebra of g of normalizer ρ(τ) and Vτ = [τ, g]
be the appui subspace associated to τ .
Then, the subalgebra
τ = tn ⊗ τ + tn+1 ⊗ Vτ + t
n+2
C[t]⊗ g + CK (n ∈ N∗)
is a standard subalgebra of g(A) with normalizer ρ(τ ) = ρ(τ)+ tC[t]⊗g+CK +Cd.
Proof : We show that the parabolic subalgebra ρ(τ ) is the normalizer of τ .
In g(A), the subalgebra τ is an ideal of parabolic subalgebra ρ(τ) + tC[t] ⊗ g +
CK+ Cd.
Let ρ1 be a parabolic subalgebra of g such that ρ1 + tC[t] ⊗ g + CK + Cd is a
normalizer of τ . We have [τ , ρ1 + tC[t] ⊗ g + CK + Cd]aff ⊂ τ then [τ, ρ1] ⊂ τ
and ρ1 ⊂ ρ(τ). Since ρ1 + tC[t] ⊗ g + CK + Cd is a normalizer of τ then, we have
ρ1 + tC[t]⊗ g+CK+Cd included in ρ(τ) + tC[t]⊗ g+CK+Cd and ρ(τ) included
in ρ1. Furthermore, ρ1 = ρ(τ) and ρ(τ) + tC[t]⊗ g+CK+Cd is a normalizer of τ .
Corollary 1.1 The subalgebra
τ + t⊗ g + t2C[t]⊗ g + CK + Cd
is a standard subalgebra of g(A) of normalizer ρ(τ) + tC[t]⊗ g+ CK + Cd.
Corollary 1.2 Let V be a subspace of g such that Vτ ⊂ V and [V, ρ(τ)] ⊂ V then
the subalgebra
tn ⊗ τ + tn+1 ⊗ V + tn+2C[t]⊗ g+ CK (n ∈ N∗)
is standard subalgebra of g(A).
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Remark 1.1 We deduce from the theorem 1.1 that the subalgebra V τ = t
n+1 ⊗
Vτ + t
n+2C[t]⊗ g+ CK is also standard subalgebra of g(A).
Eexample 1.1 Let g be a simple Lie algebra of type B4 and Π = {α1, α2, α3, α4} be
a basis of roots system ∆ .
We set R1 = {α2 + 2α3 + 2α4, α1 + α2 + 2α3 + 2α4, α1 + 2α2 + 2α3 + 2α4}. We
consider τ =
∑
α∈R1
gα and Vτ =
∑
α∈∆+\{α4}
gα + h + g−α1 + g−α2 + g−α1−α2 respectively
the standard subalgebra of g and the appui subspace associated to τ .
Then τ = t⊗ τ + t2⊗ V + t3C[t]⊗ g+CK is a standard subalgebra of g(A) with
normalizer ρ(τ) = (
∑
α∈∆+
gα+h+g−α1+g−α2+g−α1−α2+g−α4)+ tC[t]⊗g+CK+Cd.
The standard subalgebra τ may be written using the real and imaginary roots as
follows :
τ =
∑
α∈R1
g(A)α+δ +
∑
α∈Rτ
g(A)α+2δ + g(A)2δ +
∑
n>3
{
∑
α∈∆
g(A)α+nδ + g(A)nδ}+ CK
with Rτ = ∆+\{α4}∪{−α1,−α2,−α1−α2}, g(A)α+nδ = t
n⊗gα and g(A)nδ = t
n⊗h
Theorem 1.1 proves that the existence of this class depends on the description
of the standard subalgebras τ and the appui subspaces Vτ of the Lie algebra g.
In the next section, we characterize the appui subspaces Vτ when τ is the nilpo-
tent standard subalgebra then when τ is the standard subalgebra.
2 Appui subspaces
Let g be a complex simple Lie algebra, h be its Cartan subalgebra and ∆ be the
roots system of the couple (g, h). Let τ be the standard subalgebra of g. The aim
of this section is to give an explicit formulas for the appui subspaces Vτ = [τ, g].
2.1 Case of nilpotent standard subalgebra
Main notations.
1. For any positive root β, we denote by Sβ the set of simple roots γ of Π such that
β = γ or β − γ ∈ ∆. The set Sβ is called set of extremal roots of β.
2. For any root α =
∑
γ∈Π
αγγ, we denote by Cα the set of the simple roots γ in Π
such that αγ 6= 0.
3. Let B be the subset of the simple roots Π. We denote by 〈B〉 the set of roots
which are linear combination of elements of B and by 〈B〉+ (resp. 〈B〉−) the positive
roots (resp. the negative roots) of 〈B〉.
Let τ be a nilpotent standard subalgebra of g associated to the subsystem R of
positive roots two by two non comparable. We set
R1 = { β ∈ ∆+ : ω 6 β for a certain ω ∈ R} (1)
The subalgebra τ has the form τ =
∑
β∈R1
gβ.
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We set S2 = ∪
ω∈R
Sω, ∆1 = 〈Π\S2〉 and ∆2 = ∆\∆1. The normalizer of τ is
defined by S2 and has the following form ρ(τ) =
∑
α∈∆+
gα + h+
∑
α∈∆+
1
g−α.
We can write g = ρ(τ) +
∑
ν∈∆+
2
g−ν . Then, we have
Vτ = [τ, g] ⊂ τ +
∑
β∈R1
∑
ν∈∆+
2
[gβ , g−ν ]. (2)
Lemma 2.1 Let α be a positive root. Then gα is included in Vτ if and only if there
exists β ∈ R1 such that Cα ∩ S
β 6= ∅.
Proof : (=⇒) Let α ∈ ∆+ such that gα ⊂ Vτ . There are two cases :
First case : α ∈ R1 then there exists β ∈ R such that β 6 α. This implies that
Cα ∩ S
β 6= ∅.
Second case : α /∈ R1, using the formula 2, there exists a root β ∈ R1 such that
β − α is a root of ∆+2 . One we can write α in the form α = α1 + · · · + αk with
α1, · · · , αk simple roots and each partial sum α1 + · · ·+ αl is a root, for 1 6 l 6 k.
We want to prove by induction on k that there exists i0 ∈ J1, kK such that αi0 is in
Sβ.
If k = 1. We have β − α1 ∈ ∆. Then α1 ∈ S
β. Suppose that k > 1, then we
have −α
′
k−1 − αk + β is a root where α
′
k−1 = α1 + · · ·+ αk−1. By applying Jacobi
identity to the roots −α′k−1,−αk and β, we have β − α
′
k−1 or β − αk is a root.
If β − α′k−1 ∈ ∆, by the assumption of recurrence, there exists j0 ∈ J1, k − 1K such
that αj0 ∈ S
β and Cα ∩ S
β 6= ∅.
If β − αk ∈ ∆, we have αk ∈ S
β and Cα ∩ S
β 6= ∅.
(⇐=) Let α be a root of ∆+ such that there exists β in R1 with Cα ∩ S
β 6= ∅.
We set α = α1 + · · ·+ αn such that for all i ∈ J1, nK, αi ∈ Π and for r ∈ J1, nK each
partial sum α1 + · · ·+ αr is a root.
Let J be a subset of J1, nK such that αj ∈ Cα ∩S
β for any j ∈ J . It is clear that
the subset J is not empty. Let q be an element of J . We have β − αq is a root and
gαq = [gβ , g−β+αq ] ⊂ [τ, g] = Vτ .
Using the proposition 1.1, we may deduce that
gα = gα1+···+αn = [[gαq , gα1+···+αq−1 ], gαq+1 , · · · , gαn ] ⊂ [Vτ , ρ(τ)] ⊂ Vτ
Lemma 2.2 Let α be a positive root. Then g−α is included in Vτ if and only if there
exists β ∈ R1 such that α+ β ∈ ∆+.
Proof : (=⇒) Let α ∈ ∆+ such that g−α ⊂ Vτ . Then, by relation 2, there exists
a root β ∈ R1 such that α + β is a root of ∆
+
2 .
(⇐=) Let β be a root in R1 such that α + β is a root. Then we have g−α =
[gβ, g−β−α] ⊂ [τ, g] = Vτ .
We consider the set R2 of ∆ satisfying the following property :
If α ∈ ∆+, β ∈ R1, and α + β ∈ ∆ then α ∈ R2 (3)
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And the set R3 of Π satisfying the following property :
If α ∈ Π, β ∈ R1, and β − α /∈ ∆ then α ∈ R3 (4)
In other words R3 = Π\S2
The next theorem characterizes the appui subspace Vτ when τ is a nilpotent
standard subalgebra of g.
Theorem 2.1 Let g be a complex simple Lie algebra and τ be a nilpotent standard
subalgebra associated to a subsystem R of positive roots two by two non comparable.
Then, the appui subspace associated to τ has the form
Vτ =
∑
α∈∆+\<R3>+
gα +
∑
α∈R1∪R2
C[eα, e−α] +
∑
α∈R2
g−α
Proof : By applying the lemma 2.1 and 2.2, it is enough to prove that
∑
α∈R1∪R2
C[eα, e−α]
is included in Vτ .
If α ∈ R1 then C[eα, e−α] ⊂ [τ, g] = Vτ . If α ∈ R2 then, we have g−α is included in
Vτ and by applying the proposition 1.1, we have C[e−α, eα] ⊂ [Vτ , ρ(τ)] ⊂ Vτ .
Remark 2.1 We denote by θ the highest root of ∆. If the Ris included in basis Π,
the nilpotent standard subalgebra τ is called complete standard subalgebra of g and
it is easy to prove that the appui subspace Vτ has the form
Vτ =
∑
α∈∆+
gα + h+
∑
α∈∆+\RC
g−α
with RC = {α ∈ ∆+ : for all root β ∈ R , αβ = θβ}.
Remark 2.2 We consider m =
∑
α∈∆
gα the nilpotent standard subalgebra associated
to the basis Π. It is the maximal ad-nilpotent ideal of Borel subalgebra of g. Then,
the appui subspace is
Vτ =
∑
α∈∆+
gα + h +
∑
α∈∆+\{θ}
g−α
2.2 General case
In this section, we establish an explicit formula for the appui subspaces Vτ when τ
is a standard subalgebra of g not necessary nilpotent.
Let τ = m+ r0 be a standard subalgebra of g of nilpotent radical where m is its
nilpotent part and r0 is its semisimple part. The nilpotent part m of τ is a nilpotent
standard subalgebra of g, then m is associated to a certain subset R of positive roots
two by two noncomparable.
We recall that S1 = R∩Π, S2 = ∪
ω∈R
Sω and ∆1 = 〈Π\S2〉. We set Ω1 = 〈Π\S1〉.
We have r0 an ideal of the Levi reductive subalgebra r1 = h +
∑
α∈Ω1
gα lying in
the Levi reductive subalgebra r2 = h +
∑
α∈∆1
gα. Since r0 is semisimple algebra,
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then there exists Ψ a common connected subsystem of Π\S1 and Π\S2 such that
r0 =
∑
α∈〈Ψ〉
gα +
∑
α∈〈Ψ〉
C[eα, e−α].
Setting the subspace P−Ψ =
∑
α∈〈Ψ〉
[gα, n
−
2 ] and the subspace P
+
Ψ =
∑
α∈〈Ψ〉
[gα, n
+
2 ]
where n+2 =
∑
β∈∆+\R2
gβ and n
−
2 =
∑
β∈∆+\R2
g−β.
Using the properties of m and r0, one proves that
Vτ = Vm+ P
−
Ψ + [hΨ, n
−
2 ]
with hΨ =
∑
α∈〈Ψ〉
C[eα, e−α] .
Lemma 2.3 If Ψ is a common connected component of Π\S1 and Π\S2 then P
+
Ψ is
included in n+
2
.
Proof : Let α be a root such that gα ⊂ P
+
ψ . Then, there exists γ ∈ 〈ψ〉
+ and
β ∈ ∆+\R2 such that α = ±γ + β ∈ ∆+. We want to prove that gα ⊂ n
+
2 .
We assume that α is a root of R2. Then, there exists ω ∈ R1 such that ±γ +
β + ω ∈ ∆. Applying the Jacobi identity to ±γ, β and ω, we have two cases :
First case : if ±γ + ω ∈ ∆, since ±γ ∈ 〈ψ〉 ⊂ ∆1 then ±γ + ω ∈ R1. We have
±γ + ω︸ ︷︷ ︸
∈R1
+ β then β ∈ R2. Therefor, we have a contradiction.
Second case : if β + ω ∈ ∆ then β ∈ R2. Therefor, we have a contradiction.
Finally, α is a root of ∆+\R2 and gα ⊂ n
+
2 .
Proposition 2.1 Let α and β be two roots of ∆+\R2 such that α + β ∈ ∆+.
1. If gα+β ⊂ P
+
Ψ then gβ ⊂ P
+
Ψ and gβ ⊂ P
+
Ψ .
2. If gα ⊂ P
+
ψ or gβ ⊂ P
+
ψ then gα+β ⊂ P
+
ψ .
Proof : We have α + β ∈ ∆+\R2 then, it is necessary that α ∈ 〈Π\S1〉 and
β ∈ 〈Π\S1〉 because if no, we have α and β are two roots of R1. So, by definition of
the set R2, we have α and β in R2, contradiction.
1. We have gα+β ⊂ P
+
ψ then, there exists γ0 ∈ 〈Ψ〉
+ such that α+ β± γ0 ∈ ∆+\R2.
Applying the Jacobi identity to roots α, β and ±γ0, we obtain two cases :
First case : if α± γ0 ∈ ∆ then α± γ ∈ 〈ψ〉 because ψ is the connected subsystem of
Π\S1. Therefore, we have [g−α∓γ0 , gβ+α±γ0 ] = gβ ⊂ P
+
ψ and [g∓γ0 , gα±γ0 ] = gα ⊂ P
+
ψ .
Second case : if β±γ0 ∈ ∆ then β±γ0 ∈ 〈ψ〉 because ψ is the connected subsystem of
Π\S1. Therefor, we have [g−β∓γ0), gα+β±γ0 ] = gα ⊂ P
+
ψ and [g∓γ0 , gβ±γ0 ] = gβ ⊂ P
+
ψ .
2. Since gα ⊂ P
+
ψ then, there exists α0 ∈ ∆\R2 and ω0 ∈ 〈ψ〉
+ such that α = α0±ω0.
Applying the Jacobi identity to α0, ±ω0 and β, we have two cases :
First case : if α0 + β ∈ ∆+\R2 then gα+β ⊂ P
+
ψ .
Second case : if β ± ω0 ∈ ∆ then β ± ω0 ∈ 〈ψ〉 and gα+β ⊂ P
+
ψ .
If gβ ⊂ P
+
ψ , we remplace α by β and with the same reason we prove that gα+β ⊂ P
+
ψ .
The next theorem gives the explicit formula of appui subspace Vτ associated to
standard subalgebra τ of g.
8
Theorem 2.2 Let g be a complex simple Lie algebra and τ = m+ r0 be a standard
subalgebra of g of nilpotent radical, where m is a nilpotent standard subalgebra as-
sociated to a subsystem R of positive roots two by two non comparable and r0 is an
ideal of r1 contained in r2.
Then, we have :
1. Vτ = Vm if P
−
Ψ = ∅.
2. Vτ = g if P
−
Ψ 6= ∅.
Proof :
1. If P−Ψ = ∅ then, [hΨ, n
−
2 ] = ∅. Therefore, Vτ = [τ, g] = Vm and we have the
result.
2. If P−Ψ 6= ∅. We have Vτ = Vm + P
−
Ψ + [hΨ, n
−
2 ] and g = Vm + n
−
2 . So, it is
enough to show that P−Ψ = n
−
2
. It is the same to show that P+Ψ = n
+
2
. By using the
lemma 2.3, we have P+Ψ ⊂ n
+
2
, then it left to prove that n+
2
⊂ P+Ψ .
We consider θ the highest root of ∆. In the first, we prove that gθ ⊂ P
+
ψ .
We have P+Ψ 6= ∅ then, there exists α a root of ∆+\R2 such that gα ⊂ P
+
Ψ . Since
α 6 θ, hence there exists θ1, · · · , θk a positive roots such that θ = α + θ1 + · · ·+ θk
and α + θ1 + · · · + θj ∈ ∆ for each j ∈ J1, kK. By induction on k, we prove that
gθ ⊂ P
+
Ψ .
If k = 1, then θ = α + θ1 and by applying the proposition 2.1, we have gθ ⊂ P
+
ψ .
If k > 1. One may write θ = α + θ1 + · · ·+ θk−1︸ ︷︷ ︸
θ
′
+ θk. By induction gθ′ ⊂ P
+
ψ and
by applying the proposition 2.1, we have gθ ⊂ P
+
ψ .
Now, let β be a root such that gβ ⊂ n
+
2 . We have β 6 θ then there exists
β1, · · · , βk a positive roots such that θ = β+β1+ · · ·+βs and β+β1+ · · ·+βj ∈ ∆
for each j ∈ J1, sK. We have θ = β + β1 + · · ·+ βs−1︸ ︷︷ ︸
β
′
+ βs, then by applying the
proposition 2.1, we have gβ′ ⊂ P
+
ψ . Then, we have gβ ⊂ P
+
ψ . Therefore, we prove
that n+2 ⊂ P
+
ψ and this implies that n
+
2 = P
+
ψ and n
−
2 = P
−
ψ .
Finally, [τ, g] = Vm+ n
−
2
= g. So the second result of the theorem is proved.
Eexample 2.1 Let g be a simple Lie algebra of type F4 and Π = {α1, α2, α3, α4} be
a basis of the roots system of F4. We consider the nilpotent standard subalgebra m
associated to the subsystem R = {α3}. We have Π\S2 = Π\S1 = {α1, α2, α4} and
∆+\R2 = {α1 + 2α2 + 4α3 + 2α4, α1 + 3α2 + 4α3 + 2α4, 2α1 + 3α2 + 4α3 + 2α4}.
1. If we consider a standard subalgebra defined by m and an ideal r0 associated
to common connected component Ψ = {α4}. We have P
−
Ψ = ∅, in this case
Vτ = Vm.
2. If we consider a standard subalgebra defined by m and an ideal r0 associated
to common connected component Ψ = {α1, α2}. We have P
−
Ψ 6= ∅, more
precisely, P−Ψ = n
−
2
. In this case Vτ = g.
3 A class of standard subalgebra
In this section, we prove that any standard subalgebra of g(A), under certain sup-
plementary condition, is of the form given by theorem 1.1.
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Let m be a nilpotent standard subalgebra of g associated to subsystem R ⊂ ∆+
of roots two by two non comparable.
Proposition 3.1 Let Vm be the appui subspace associated to m then [Vm, g] = g.
Proof : We consider n the nilradical part of normalizer of m. The subalgebra
n is complete standard subalgebra associated to subsystem S2 = ∪
ω∈R
Sω. We have
Vn = [n, g] ⊂ [Vm, g]. Since Vn =
∑
α∈∆+
gα+h+
∑
α∈∆+\Rn2
g−α with R
n
2 = {α ∈ ∆+ : αγ =
θγ for all γ ∈ S2} (remark 2.1) then, it is enough to prove that g−α is included in
[Vm, g], for any root α ∈ R
n
2.
Now, let β be the root of Rn2 then for all γ ∈ S
β : htγ(α) > htγ(β) where htγ(α)
and htγ(β) is the multiplicity of γ in the decomposition of simple roots of α and
of β. Therefore, we have β 6 α and this implies that α ∈ R1. We deduce that
g−α = [[eα, e−α], g−α] ⊂ [Vm, g]. This proves that V = g.
Remark 3.1 In proposition 3.1, if we take τ a standard subalgebra not necessarily
nilpotent, we have also [Vτ , g] = g.
Let n be a natural number. Let {In+j}j>0 be a family of vectors subspaces of g
such that the subspace τ =
∑
j>0
tn+j ⊗ In+j +CK is a standard subalgebra of g(A) of
normalizer ρ = ρ+ tC[t]⊗ g+ CK+ Cd with ρ is the parabolic subalgebra of g.
We have [τ , ρ] = tn⊗ [In, ρ]+ t
n+1⊗([In, g]+[In+1, ρ])+ t
n+2⊗([In, g]+[In+1, g]+
[In+2, ρ]) + t
n+3 ⊗ (· · ·+ [In+2, g] + · · · ) + · · · ⊂ τ .
Lemma 3.1 We have the following relations :
1. [In, ρ] ⊂ In.
2. [In, g] ⊂ In+1 and [In+1, ρ] ⊂ In+1.
3. [In+1, g] ⊂ In+2 and [In+2, ρ] ⊂ In+2.
4. For all j > 3 : [In+2, g] ⊂ In+j.
Proposition 3.2 If In is a Lie subalgebra of g then In is included in ρ.
Proof : We can write ρ =
∑
α∈∆+
gα + h +
∑
α∈〈Π\T 〉+
g−α, for a certain subset T of
Π.
We suppose that In is not in ρ and we set T1 = {β ∈ T, g−β ⊂ In}. We consider
ρ1 =
∑
α∈∆+
gα+h+
∑
α∈〈Π\(T\T1)〉+
g−α the parabolic subalgebra of g associated to (T\T1).
By definition ρ is included in ρ1.
We want to prove that τ is an ideal of ρ1 + tC[t]⊗ g+ CK+ Cd.
First, we prove that In is an ideal of ρ1. Let α and β be two roots such that gα ⊂ In,
gβ ⊂ ρ1 and α + β is the root.
If β is a root of ∆+ ∪ 〈Π\T 〉
− then gβ is included in ρ and [gα, gβ] ⊂ [In, ρ] ⊂ In.
If β is a root of 〈Π\(T\T1)〉
− with Cβ ∩ T1 6= ∅. There exists β1, · · · , βr a simple
10
roots such that β = −β1 − · · · − βr and for all j ∈ J1, rK, β1 + · · ·+ βj ∈ ∆. Let i
be the smallest index such that βi ∈ T1. We have β
′
i−1 = β1 + · · ·+ βi ∈ 〈Π\T 〉 and
g−β′i
= [g−βi, g−β′i−1
] ⊂ [In, ρ] ⊂ In. Now taking the simple root βi+1, we have two
cases :
If βi+1 ∈ T1, we have g−β′i+1
= [g−β′i
, g−βi+1] ⊂ [In, In] ⊂ In (because In is
subalgebra).
If βi+1 ∈ Π\T , we have g−β′i+1
= [g−βi+1 , g−β′i
] ⊂ [ρ, In] ⊂ In.
With similar argument, we show that gβ ⊂ In.
Therefore, gα+β = [gα, gβ] ⊂ [In, In] ⊂ In. Then, In is the standard subalgebra
of g of normalizer ρ1.
Now, we have VIn = [In, g] ⊂ In+1 and [In+1, ρ1] ⊂ [In+1, ρ] + [In+1, In] ⊂ In+1.
Since In is a standard subalgebra then, by applying the proposition 3.1 an the
relation 3 of the lamma 3.1, we have g = [VIn, g] ⊂ [In+1, g] ⊂ In+2. Then In+2 = g.
Since g is the simple Lie algebra, for j > 3, we have [In+2, g] = [g, g] = g ⊂ In+j.
This implies that In+j = g.
Finally, we have proved that τ is an ideal of the parabolic subalgebra ρ1+ tC[t]⊗
g+ CK+ Cd and this subalgebra contains the normalizer ρ+ tC[t]⊗ g +CK+ Cd
of τ , contradiction. Hence In is included in ρ.
Remark 3.2 The proposition 3.2 proves that In is the standard subalgebra of nor-
malizer ρ.
The following theorem determines a class of standard subalgebra of g(A) under
certain condition.
Theorem 3.1 Let τ =
∑
j>0
tn+j ⊗ In+j + CK be a standard subalgebra of g(A) of
normalizer ρ = ρ+ tC[t]⊗ g+ CK+ Cd and In 6= 0.
If In is a Lie subalgebra of g then τ = t
n ⊗ τ + tn+1 ⊗ V + tn+2C[t] ⊗ g + CK
where τ = In is a standard subalgebra of g of normalizer ρ, V is a subspace of g
contain the subspace Vτ = [τ, g] and In+j = g, for all j > 2.
Proof : Let n be a natural number. We set In = τ . We write τ = t
n ⊗ τ +∑
j>1
tn+j ⊗ In+j + CK.
By applying the proposition 3.2, we have τ is included in ρ. Then, τ is the
standard subalgebra of g of normalizer ρ.
We set V = In+1. The relation 2. in the lemma 3.1 proves that Vτ is included in
V where Vτ is the appui subspace associated to τ .
We prove by induction on j > 2 that In+j = g. We use the relation 3 in the
lemma 3.1, then we have [Vτ , g] ⊂ In+2. By applying the proposition 3.1 and remark
3.1, we have In+2 = g.
Since g is the simple Lie algebra, then we have [g, g] = g. Using the relation 4 in
the lemma 3.1, we have In+j = g. Therefore τ = t
n ⊗ τ + tn+1⊗ V + tn+2C[t]⊗ g.
Corollary 3.1 Let τ = I0+
∑
k>1
tk⊗Ik+CK+Cd be the standard subalgebra of g(A)
of normalizer ρ(τ ) = ρ+ tC[t]⊗ g+ CK+ Cd.
Then τ = I0 is a standard subalgebra of g of normalizer ρ and τ = τ + tC[t] ⊗
g+ CK+ Cd.
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Proof : It is an immediate consequence of the previous theorem.
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